$-4A^{3}-27B^{2}=C^{2}$ for some positive integer $C$ (see [4: Example 2, p. 308]). We see from (2) that $A<0$, $B\equiv C(mod 2)$ and $A\equiv 0$ or 2 $(mod 3)$ . Clearly $B\neq 0$ as $X^{3}+AX+B$ is irreducible. From (1) and (2) it is easy to show that exactly one of the following occurs: (3) In order to state our main result we need the notion of a cubic residue symbol. An Eisenstein integer $\theta$ is a complex number of the form $\theta=x+y\omega$ , where $x$ and $y$ are rational integers and $\omega=(-1+\sqrt{-3})/2$ is a complex cube root of unity. Equivalently $\theta$ is of the form $(a_{1}+a_{2}\sqrt{-3})/2$ , where $a_{1}$ and $a_{2}$ are rational integers with $a_{1}\equiv a_{2}$ $(mod 2)$ . The The basic properties of the cubic residue symbol, extended multiplicatively to denominators not divisible by $\sqrt{-3}$ , are given in [3] .
Before stating and proving our main result, we introduce some notation. If $a$ is a rational integer, the integers $a^{\prime}$ and $a^{\prime\prime}$ are given uniquely by
As usual $\phi$ denotes Euler's phi function. We prove the following theorem.
THEOREM. Let $X^{3}+AX+B\in Z[X]$ be an irreducible abelian cubic polynomial in
be the positive integer given by (2) . Let $\lambda$ denote the Eisenstein integer (6) $\lambda=+(3B+C)+3B\omega=*(C+3B\sqrt{-3})$ of norm $N(\lambda)=-A^{3}$ .
(i) We have 
EXAMPLE 2. We consider the irreducible abelian cubic $X^{3}-21X+35$ . Here $A=-21=-3\cdot 7,$ $B=35=5\cdot 7$ and by (2) $C=63=3^{2}\cdot 7$ . Thus from (6) we have $\lambda=\neq(63+105\sqrt{-3})$ . By (7) we see that $(\sqrt{-3})^{3}\Vert\lambda$ . Further, as
we see by (8) that
and $\rho=+(1-3\sqrt{-3})$ . From (4) , (10), (9) we deduce respectively $b=2,$ $\alpha=2,$ $F=3^{2}\cdot 7=63$ . By (11) the $\phi(F)/3=12$ integers $a_{1},$ $\cdots,$ $a_{12}$ are the solutions
Clearly we have PROOF OF THEOREM. We begin by noting the following easily proved consequences of (1), (2) and (6) .
there exists an Eisenstein prime $\pi$ dividing $p$ such that $\pi\int\lambda,\overline{\pi}|\lambda$ .
We also note that $\lambda$ is not the cube of an Eisenstein integer, otherwise, $*(\dot{C}+3B\sqrt{-3})=(+(g+h\sqrt{-3}))^{3}$ , for some integers $g$ and $h$ , so that
and thus
Proof of (i). Suppose $(\sqrt{-3})^{x}\Vert\lambda$ . Then $(\sqrt{-3})^{x}\Vert T$ and so 
We show that $\rho$ is the unique Eisenstein integer satisfying (8). This will be done in four steps:
$\rho$ is the unique product of primary Eisenstein primes having property (8).
Proof of (a). From (25) This completes the proof of (b) . From (9) and (b) we see that so that $\rho_{1}|p$ , say, $\rho=\kappa\rho_{1}$ . As $N(\rho)=N(\rho_{1}),$ $\kappa$ is a unit, and so as both $\rho$ and $\rho_{1}ar($ products of primary Eisenstein primes we have $\rho=\rho_{1}$ . This completes the proof of (d) Proof of (ii). We first prove that $F\neq 1$ . Suppose on the contrary that $F=1$ . Then by (9), we see that $\alpha=0$ and $N(\rho)=1$ . As $\alpha=0$ , by (10), we have $b=0$ and so by (4) either ( Recall that $A<0$ and that by (15) $A$ has no prime divisors $\equiv 2(mod 3)$ . Also recall tha $C>0$ . If (I) and (III) hold then $A=-1$ . By (2) we see that $B=0,$ $C=2$, which contra dicts $B\neq 0$ .
If (II) and (III) hold then $A=-3$ . By (2) we see that $B=\pm 1,$ $C=9$, which contra dicts $3^{3}|C$ .
If (I) and (IV) hold then $A=-q_{1}\cdots q_{s}$ , where the $q_{i}$ are $s(\geq 1)primes\equiv 1(mod 3$ which do not divide
. We have $q_{i}=\pi_{i}\overline{\pi}_{i}$ , where $\pi_{i}$ and $\overline{\pi}_{i}$ are distinct conjugate primar Eisenstein primes. Now
and $\pi_{i},\overline{\pi}_{i}\int GCD(*(C+3B\sqrt{-3}) , *(C-3B\sqrt{-3}))$ , so we can choose $\pi_{i}$ without loss of generality such that $\pi_{t}^{3}|+(C+3B\sqrt{-3})$ . Hence
where $\epsilon$ is a unit. As the $\pi_{i}$ are primary and $+(C+3B\sqrt{-3})\equiv\pm 1(mod 3)$ we hav $\epsilon\equiv\pm 1(mod 3)$ so that $\epsilon=\pm 1$ . Set $\Omega=\pi_{1}\cdots\pi_{s}$ . Then (8), (9) and (10), we see that $\phi(F)\equiv 0(mod 3)$ .
Next we suppose that there are $t$ integers satisfying (11), say $a_{1},$ $\cdots,$ $a_{t}$ , and show
denote the multiplicative group of reduced residue classes modulo $F$ and $H$ the multiplicative group of cube roots of unity. We consider the homomorphism This completes the proof of (ii).
Proof of (iii). Let $p$ denote a prime such that $pf3C$, and let $\pi$ be an Eisenstein prime such that $\pi|p,$ $\pi f\lambda$ . By class field theory, or appealing to [2] , we know that $N_{p}(A, B)=3\Leftrightarrow[\lambda/\pi]_{3}=1$ . From (25) we see that If $b=0$ we see from (4) If $b\neq 0$ , then, by (4) , we see that $N_{3}(A, B)\neq 3$ . Moreover, by (4) , (10) and (9), $w$ have $9|F$, so that $3\not\equiv a_{i}(mod F)$ for any $i$ . Hence, in this case, we have 81 $\int Can($ $3\not\in E(A, B)$ .
Combining cases we see that
